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SELF-RECIPROCAL AND SELF-CONJUGATE-RECIPROCAL
IRREDUCIBLE FACTORS OF xn − λ AND THEIR APPLICATIONS
YANSHENG WU, QIN YUE, AND SHUQIN FAN
Abstract. In this paper, we present some necessary and sufficient conditions
under which an irreducible polynomial is self-reciprocal (SR) or self-conjugate-
reciprocal (SCR). By these characterizations, we obtain some enumeration formulas
of SR and SCR irreducible factors of xn − λ, λ ∈ F∗
q
, over Fq, which are just open
questions posed by Boripan et al (2019). We also count the numbers of Euclidean
and Hermitian LCD constacyclic codes and show some well-known results on Eu-
clidean and Hermitian self-dual constacyclic codes in a simple and direct way.
1. Introduction
In coding theory, cyclic codes have been extensively investigated due to efficient
error detection and correction. Self-reciprocal (SR) polynomials were first used to
characterize when a cyclic code is reversible by Massey [31] in 1964. Since then,
some properties of SR polynomials are widely studied, see [13, 14, 16, 17, 18, 19, 20,
35]. They also have applications in many areas of research, in particular in coding
theory, see Euclidean linear complementary dual (LCD) cyclic codes [22, 23, 33] and
Euclidean self-dual cyclic codes [8, 21].
Constacyclic codes is a well-known generalization of cyclic codes. SR polynomials
can be also used to investigate Euclidean LCD and self-dual constacyclic codes, see
[32]. Next let us introduce the definition of constacyclic codes over finite fields. Let
Fq be a finite field of order q, where q is a power of some prime p. An [n, k, d]
linear code C over Fq is a k-dimensional subspace of F
n
q with minimum Hamming
distance d. For λ ∈ F∗q, the ring
Fq[x]
〈xn−λ〉
is a principle ideal ring, i.e., every ideal can
be generated by a monic divisor of xn − λ. A λ-constacyclic code of length n over
Fq can be viewed as an ideal 〈g(x)〉 in the ring
Fq[x]
〈xn−λ〉
, where g(x) | (xn − λ). Hence
the irreducible factorization of xn − λ in Fq[x] determines all λ-constacyclic codes of
length n. When p ∤ n, a λ-constacyclic code is called a simple-root constacyclic code.
When p | n, a λ-constacyclic code is called a repeated-root constacyclic code. When
λ = 1 and λ = −1, λ-constacyclic codes are known as cyclic codes and negacyclic
codes, respectively. For more details about constacyclic codes, the reader is referred
to [4, 5, 6, 7, 9, 10, 11, 12, 26, 28, 32, 36].
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Most recently, Boripan et al. [1] introduced the concept of self-conjugate-reciprocal
(SCR) polynomials over Fq2 . They gave a characterization of SCR irreducible factors
of xn − 1 and presented a recursive formula for the number of such factors.
In this paper, we focus on SR and SCR irreducible factors of xn − λ, where λ is
a nonzero element. In Section 2, we deal with SR irreducible factors. First, we give
a characterization of SR irreducible polynomials. Second, we obtain an enumeration
formula of SR irreducible factors of xn − λ over Fq. Final, we apply these results to
count the number of Euclidean LCD constacyclic codes and prove some known results
on Euclidean self-dual constacyclic codes in a simple and direct way. In Section 3,
we deal with SCR irreducible factors of xn − λ over Fq2. In Section 4, we conclude
this paper.
For convenience, we introduce the following notations in this paper.
q a power of a prime p,
Fq finite field GF (q),
λ a nonzero element of order r in Fq,
φ(n) the Euler’s totient function, i.e., the number of positive integers i,
1 ≤ i ≤ n, with gcd(i, n) = 1,
rad(n) the product of distinct prime divisors of a given integer n,
ordn(m) the order of m modulo n if gcd(m,n) = 1,
vp(n) the maximum number k such that p
k | n and pk+1 ∤ n,
f ∗(x) the reciprocal polynomial of the polynomial f(x),
f †(x) the conjugate reciprocal polynomial of the polynomial f(x),
N1 the number of irreducible factors of x
n − λ over Fq,
N2 the number of SR irreducible factors of x
n − λ over Fq ,
M1 the number of irreducible factors of x
n − λ over Fq2 ,
M2 the number of SCR irreducible factors of x
n − λ over Fq2 .
2. Self-reciprocal polynomials
In this section, we deal with SR polynomials over finite fields.
2.1. A general characterization of self-reciprocal polynomials.
Definition 2.1. [24, Definition 3.12] Let Fq be a finite field and
f(x) = xn + an−1x
n−1 + · · ·+ a1x+ a0 ∈ Fq[x]
with a0 6= 0. Then the reciprocal polynomial f
∗(x) of f(x) is defined by
f ∗(x) = a−10 x
nf(
1
x
) = xn + a−10 a1x
n−1 + · · ·+ a−10 an−1x+ a
−1
0 .
Moreover, f(x) is called self-reciprocal (SR) if f(x) = f ∗(x).
Lemma 2.2. Let s be a positive integer, t ≥ 2 a positive integer, and l an odd prime.
If there exists a positive integer w such that sw ≡ −1 (mod l), then there exists a
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positive integer w′ such that sw
′
≡ −1 (mod lt) and v2(w) = v2(w
′). In fact, we can
take w′ = wlt−1.
Proof. Let sw ≡ −1 (mod l). Then l | sw + 1. Since s
wl+1
sw+1
=
∑l−1
i=0(−s
w)i = l +∑l−1
i=0((−s
w)i−1), l | s
wl+1
sw+1
and vl(s
wl+1) ≥ vl(s
w+1)+1. By induction, vl(s
wlt+1) ≥
vl(s
w + 1) + t. Hence we can take w′ = wlt−1 such that sw
′
≡ −1 (mod lt) and
v2(w
′) = v2(w). This completes the proof. 
Theorem 2.3. Let n = 2v2(n)pα11 p
α2
2 · · · p
αl
l be the prime factorization, where p1, . . . , pl
are distinct odd primes and α1, . . . , αl are positive integers. Let Fq be a finite field
with gcd(n, q) = 1. Suppose that f(x) is an irreducible factor of Φn(x) over Fq, where
Φn(x) is the cyclotomic polynomial of order n. Then the following are equivalent:
(1) The polynomial f(x) is SR.
(2) There exists a positive integer w such that qw ≡ −1 (mod n).
(3) v2(d1) = · · · = v2(dl) = δ and q ≡ −1 (mod 2
v2(n)), where di are the order of q
modulo pi, 1 ≤ i ≤ l, and δ is a positive integer satisfying
δ
{
> 0, if v2(n) ≤ 1,
= 1, if v2(n) ≥ 2.
Proof. (1) ⇐⇒ (2). Let Zn be the ring of integers modulo n. For convenience, let
Zn = {0, 1, 2, . . . , n− 1}. For an element s ∈ Zn, the q-cyclotomic coset of s modulo
n is
Cs = {s, sq, sq
2, . . . , sq(ls−1)} mod n ⊆ Zn,
where ls is the smallest positive integer such that s ≡ sq
ls (mod n) and |Cs| = ls. Let
m = ordn(q) and α a generator of F
∗
qm. Then β = α
qm−1
n is an element of order n in
Fqm . Suppose that f(x) is the minimal polynomial of β
s over Fq, where gcd(s, n) = 1
and deg(f(x)) = l. Then the q-cyclotomic coset corresponding to f(x) is
Cs = {s, sq, sq
2, . . . , sq(l−1)}.
By the definition, the q-cyclotomic coset corresponding to the reciprocal polynomial
of f(x) is
C−s = {−s,−sq,−sq
2, . . . ,−sq(l−1)}.
Hence f(x) is SR if and only if Cs = C−s if and only if there exists a positive integer
w such that qw ≡ −1 (mod n).
(2) =⇒ (3). Suppose that there exists a positive integer w such that qw ≡ −1
(mod n). Then 

qw ≡ −1 (mod 2v2(n)),
qw ≡ −1 (mod p1),
· · · · · ·
qw ≡ −1 (mod pl).
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Let di = ordpi(q), i = 1, . . . , l. Then there exists a positive integer w such that
qw ≡ −1 (mod pi) if and only if di is even and v2(di) = v2(w) + 1. Hence v2(w) +
1 = v2(d1) = · · · = v2(dl) = δ > 0. If v2(n) ≤ 1, then q ≡ −1 (mod 2
v2(n)) by
gcd(n, q) = 1. If v2(n) ≥ 2, then q
w ≡ −1 (mod 4). Hence w is odd and δ = 1. Since
q is odd and
qw + 1 = (q + 1)(qw−1 − qw−2 + · · ·+ q2 − q + 1),
v2(q
w + 1) = v2(q + 1) and q ≡ −1 (mod 2
v2(n)).
(3) =⇒ (2). If v2(d1) = · · · = v2(dl) = δ > 0, then by Lemma 2.2, there exist odd
integers w′1, · · · , w
′
l such that

q2
δ−1w′1 ≡ −1 (mod pα11 ),
· · · · · ·
q2
δ−1w′
l ≡ −1 (mod pαll ).
Then q2
δ−1w′1w
′
2···w
′
l ≡ −1 (mod pα11 · · · p
αl
l ). Next we divide the proof into three cases.
(i) If v2(n) = 0, i.e., n is odd, then w = 2
δ−1w′1w
′
2 · · ·w
′
l yields the result.
(ii) If v2(n) = 1, then q is odd as gcd(n, q) = 1. Then q
2δ−1w′1w
′
2···w
′
l ≡ −1
(mod 2pα11 · · · p
αl
l ).
(iii) If v2(n) ≥ 2, then v2(d1) = · · · = v2(dl) = δ = 1, q ≡ −1 (mod 2
v2(n)),
and w = 1
2l
d1 · · · dlp
α1−1
1 · · ·p
αl−1
l is odd. Hence q
w ≡ −1 (mod 2v2(n)) and qw ≡ −1
(mod n).
This completes the proof. 
2.2. Enumeration formulas.
In this subsection, we will give some enumeration formulas of numbers of irreducible
factors and SR irreducible factors of xn − λ over Fq, where λ is a nonzero element of
order r in Fq.
Suppose that ζnr is a primitive nr-th root of unity in an extension field of Fq,
λ = ζnnr, and s is a positive integer with gcd(s, r) = 1. Then
xn − λs = xn − ζsnnr =
n−1∏
i=0
(x− ζs+rinr ).
The multiset
Rs(n, r) =
{{
ord(ζs+rinr ) : 0 ≤ i ≤ n− 1
}}
(2.1)
is called the root distribution of xn − λs.
Theorem 2.4. Suppose that λ is a nonzero element of order r in Fq. Let n = n1n2
be a positive integer, gcd(n, q) = 1, rad(n1) | rad(r), and gcd(n2, r) = 1. Then for
all integers s, 1 ≤ s ≤ r, gcd(s, r) = 1,
Rs(n, r) = {{(n1φ(d))× (rdn1) : d | n2}},
where (n1φ(d))× (rdn1) means that rdn1 repeats n1φ(d) times in the multiset.
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Proof. By xn − λs =
∏n−1
i=0 (x− ζ
s+ri
nr ), the order of each ζ
s+ri
nr is
nr
gcd(s+ ri, nr)
= r ·
n
gcd(s+ ri, n)
.
Then the root distribution of xn − λs is given by the following multiset
Rs(n, r) =
{{
r ×
n
gcd(s+ ri, n)
: 0 ≤ i ≤ n− 1
}}
.
To prove the result, it is suffice to determine the multiset
{{gcd(s+ ri, n) : 0 ≤ i ≤ n− 1}}
for any integer s with 1 ≤ s ≤ r and gcd(s, r) = 1.
Let n = n1n2, where rad(n1) | rad(r) and gcd(n2, r) = 1. Since gcd(s, r) = 1,
gcd(s+ ri, n1) = 1. Then by gcd(r, n2) = 1 and rZn2 = Zn2 ,
{{gcd(s+ ri, n) : 0 ≤ i ≤ n− 1}}
= {{gcd(s+ ri, n1n2) : 0 ≤ i ≤ n− 1}}
= {{gcd(s+ ri, n2) : cn2 ≤ i ≤ (c+ 1)n2 − 1, 0 ≤ c ≤ n1 − 1}}
= {{n1 × gcd(s + ri, n2) : 0 ≤ i ≤ n2 − 1}}
= {{n1 × gcd(s + i, n2) : 0 ≤ i ≤ n2 − 1}}
= {{n1 × gcd(i, n2) : 0 ≤ i ≤ n2 − 1}}
= {{(n1φ(
n2
d
))× d : d | n2}}.
The result follows from rn
d
= rn1 ·
n2
d
. 
Theorem 2.5. Suppose that λ is a nonzero element of order r in Fq. Let n = n1n2
be a positive integer, gcd(n, q) = 1, rad(n1) | rad(r), and gcd(n2, r) = 1.
(1) Then
n =
1
φ(r)
∑
d|n2
φ(rdn1) =
∑
d|n2
n1φ(d).
(2) The number of irreducible factors of xn − λ over Fq is
N1 =
1
φ(r)
∑
d|n2
φ(rdn1)
ordrdn1(q)
= n1
∑
d|n2
φ(d)
ordrdn1(q)
.
(3) The number of self-reciprocal irreducible factors of xn − λ over Fq is
N2 = n1
∑
d∈S(n,r)
φ(d)
ordrdn1(q)
, (2.2)
where
S(n, r) =
{
d | n2 :
there exists a positive integer w
such that qw ≡ −1 (mod rdn1)
}
.
6 Y. WU, Q. YUE, AND S. FAN
Proof. (1) By the process of proving Theorem 2.4, the root distribution of xn − λs is
{{n1φ(d)× rdn1 : d | n2}}. By rad(n1) | rad(r),
φ(n1r) = n1r
∏
prime p|n1r
(1−
1
p
) = n1r
∏
prime p|r
(1−
1
p
) = n1φ(r).
By gcd(n2, rn1) = 1,∑
d|n2
φ(rn1d) = φ(rn1)
∑
d|n2
φ(d) = φ(r)n1n2 = φ(r)n.
(2) Note that
Φr(x
n) =
r∏
s = 1
gcd(s, r) = 1
(xn − λs).
The degree of Φr(x
n) is nφ(r). By Theorem 2.4 and Φrdn1(x) | Φr(x
n) for each d | n2,
the number of irreducible factors of xn − λ over Fq is
N1 =
1
φ(r)
∑
d|n2
φ(rn1d)
ordrdn1(q)
=
1
φ(r)
∑
d|n2
φ(rn1)φ(d)
ordrdn1(q)
= n1
∑
d|n2
φ(d)
ordrdn1(q)
.
(3) The result follows from (2) and Theorem 2.3.
This completes the proof. 
We give two examples to illustrate Theorem 2.5.
Example 2.6. Let q = 7 and n = 27. Then the number of irreducible factor and
the number of self-reciprocal irreducible factors of xn − λ over Fq are given in Table
1. These results are confirmed by Magma.
Table 1. Example 2.6
Order of λ {rdn1 : d | n2} N1 N2
1 {1, 3, 9, 27} 7 1
2 {1, 3, 9, 27} 7 1
3 {81} 1 0
6 {162} 1 0
Example 2.7. Let q = 19 and n = 36. Then the number of irreducible factor and
the number of self-reciprocal irreducible factors of xn − λ over Fq are given in Table
2. These results are confirmed by Magma.
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Table 2. Example 2.7
Order of λ {rdn1 : d | n2} N1 N2
1 {1, 2, 3, 4, 6, 9, 12, 18, 36} 27 4
2 {8, 24, 72} 18 0
3 {27, 54, 108} 9 0
6 {216} 6 0
9 {81, 162, 324} 3 0
18 {648} 2 0
2.3. Euclidean LCD and self-dual constacyclic codes.
For two vectors x = (x0, x1, . . . , xn−1) and y = (y0, y1, . . . , yn−1) ∈ F
n
q , the Eu-
clidean inner product is defined as 〈x, y〉E =
∑n−1
i=0 xiyi. For a λ-constacyclic code C
of length n over Fq, the Euclidean dual code of C is defined as
C⊥E = {u ∈ Fnq |〈u, v〉E = 0 for all v ∈ C}.
The code C is called Euclidean LCD if C ∩ C⊥E = {0} and Euclidean self-dual if
C = C⊥E . Assume that C = 〈g(x)〉 is a λ-constacyclic code length n over Fq. As
we know, the generator polynomial of C⊥E is h∗(x), where h∗(x) is the reciprocal
polynomial of the polynomial h(x) = x
n−λ
g(x)
.
Lemma 2.8. Let Fq be a finite field and λ ∈ F
∗
q . Let n be a positive integer and
gcd(n, q) = 1. Suppose that C is a λ-constacyclic code and xn − λ has the following
irreducible factorization over Fq:
xn − λ = e1(x) · · · eu(x)f1(x)f
∗
1 (x) · · · fv(x)f
∗
v (x),
where u, v are nonnegative integers, ei(x), 1 ≤ i ≤ u, are SR, and f
∗
j (x) are the
reciprocal polynomial of fj(x), 1 ≤ j ≤ v. Then
(1) C = 〈g(x)〉 is an Euclidean LCD code if and only if g(x) is SR i.e., g(x) has the
following form:
g(x) = eα11 (x) · · · e
αu
u (x)f1(x)
β1f ∗1 (x)
β1 · · · fv(x)
βvf ∗v (x)
βv ,
where αi, βj ∈ {0, 1}, 1 ≤ i ≤ u, 1 ≤ j ≤ v.
(2) C = 〈g(x)〉 is Euclidean self-dual if and only if u = 0 and g(x) has the following
form:
f1(x)
β1f ∗1 (x)
1−β1 · · · fv(x)
βvf ∗v (x)
1−βv ,
where βj ∈ {0, 1}, 1 ≤ j ≤ v.
Proof. If C = 〈g(x)〉 is a λ-constacyclic code of length n over Fq, then C
⊥E = 〈h∗(x)〉,
where h(x) = x
n−λ
g(x)
. Then C is Euclidean LCD if and only if lcm(g(x), h∗(x)) = xn−λ
and C is Euclidean self-dual if and only if g(x) = h∗(x). This completes the proof. 
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For the case of Euclidean LCD constacyclic codes, it was shown that any λ-
constacyclic code with λ /∈ {−1, 1} is an LCD code in [11]. For any λ ∈ F∗q, x
n − λ
is SR if and only if λ2 = 1.
Theorem 2.9 (Euclidean LCD constacyclic codes). Let Fq be a finite field. Let n
be a positive integer and gcd(n, q) = 1. Then there are three cases.
(1) If λ /∈ {−1, 1}, then any λ-constacyclic code is an Euclidean LCD code.
(2) There are 2
n+N2
2 Euclidean LCD cyclic codes, where N2 is given in Eq. (2.2).
(3) There are 2
n+N2
2 Euclidean LCD negacyclic codes, where N2 is given in Eq.
(2.2).
Proof. The results follow from Theorem 2.5 and Lemma 2.8 (1). 
Theorem 2.10 (Euclidean self-dual constacyclic codes). Let Fq be a finite field. Let
n = 2v2(n)n′ be a positive integer, v2(n) > 0, and gcd(n, q) = 1.
(1) There is no Euclidean self-dual cyclic codes of length n over Fq.
(2) Euclidean self-dual negacyclic codes of length n over Fq exist if and only if
q 6≡ −1 (mod 2v2(n)+1).
Proof. (1) Since x − 1 is always SR irreducible factor of xn − 1 over Fq, by Lemma
2.8 (2) the result holds.
(2) By Theorem 2.5, q is odd, r = 2, n1 = 2
v2(n), n2 = n
′, and
S(n, 2) =
{
d | n′ :
there exists a positive integer w
such that qw ≡ −1 (mod 2v2(n)+1d).
}
.
If Euclidean self-dual negacyclic codes of length n over Fq exist, then every irre-
ducible factor of Φ2v2(n)+1d(x) is not SR over Fq for each d | n
′, i.e. S(n, 2) = ∅. Hence
q 6≡ −1 (mod 2v2(n)+1).
Conversely, if there is no Euclidean self-dual negacyclic codes of length n over Fq,
then there exists some d ∈ S(n, 2) and some positive integer w such that qw ≡ −1
(mod 2v2(n)+1d) by Theorem 2.3, i.e. S(n, 2) 6= ∅. Hence qw ≡ −1 (mod 2v2(n)+1).
By the proof of Theorem 2.3, q ≡ −1 (mod 2v2(n)+1).
This completes the proof. 
Remark 2.11. Theorem 2.10 (2) has been proved in [2, Theorem 3].
3. Self-conjugate-reciprocal polynomials
In this section, we deal with self-conjugate-reciprocal polynomials over finite fields.
3.1. A general characterization of self-conjugate-reciprocal polynomials.
Definition 3.1. [1] Let Fq2 be a finite field and
f(x) = xn + an−1x
n−1 + · · ·+ a1x+ a0 ∈ Fq2 [x]
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with a0 6= 0. Then the conjugate-reciprocal polynomial f
†(x) of f(x) is defined by
f †(x) = xn + a−q0 a
q
1x
n−1 + · · ·+ a−q0 a
q
n−1x+ a
−q
0 .
Moreover, f(x) is called self-conjugate-reciprocal (SCR) if f(x) = f †(x).
Theorem 3.2. Let n = 2v2(n)pα11 p
α2
2 · · · p
αl
l be the prime factorization, where p1, . . . , pl
are distinct odd primes and α1, . . . , αl are positive integers. Let Fq2 be a finite field
and gcd(n, q) = 1. Suppose that f(x) is an irreducible factor of Φn(x) over Fq2. Then
the following are equivalent:
(1) The polynomial f(x) is SCR.
(2) There exists an odd positive integer w such that qw ≡ −1 (mod n).
(3) q ≡ −1 (mod 2v2(n)) and v2(d1) = · · · = v2(dl) = 1, where di is the order of q
modulo pi, 1 ≤ i ≤ l.
Proof. (1) ⇐⇒ (2). Suppose that f(x) is the minimal polynomial of βs over Fq2 ,
where gcd(s, n) = 1 and deg(f(x)) = l. Then the q-cyclotomic coset corresponding
to f(x) is
Cs = {s, sq
2, sq4, . . . , s(q2)(l−1)}.
Similar to the proof of Theorem 2.3, the q2-cyclotomic coset corresponding to the
conjugate-reciprocal polynomial of f(x) is
C−sq = {−sq,−sq
3, . . . ,−sq(q2)(l−1)}.
Hence f(x) is SCR if and only if Cs = C−sq if and only if there exists a positive
integer k such that s(q2)k ≡ −sq (mod n) if and only if there exists an odd positive
integer w such that qw ≡ −1 (mod n).
(2) ⇐⇒ (3). This result follows from the proof of Theorem 2.3.
This completes the proof. 
3.2. Enumeration formulas.
By Theorem 3.2, we have the following result analogous to Theorem 2.5.
Theorem 3.3. Suppose that λ is a nonzero element of order r in Fq2 . Let n = n1n2
be a positive integer, gcd(n, q) = 1, rad(n1) | rad(r), and gcd(n2, r) = 1. Then
(1) The number of irreducible factors of xn − λ over Fq2 is
M1 = n1
∑
d|n2
φ(d)
ordrdn1(q
2)
.
(2) The number of self-reciprocal irreducible factors of xn − λ over Fq2 is
M2 = n1
∑
d∈T (n,r)
φ(d)
ordrdn1(q
2)
, (3.1)
where
T (n, r) =
{
d | n2 :
there exists an odd positive integer w
such that qw ≡ −1 (mod rdn1)
}
.
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If λ = 1, then [1, Theorem 2.22] is an immediate consequence of Theorem 3.3.
Corollary 3.4. Let q be a prime power and let l1, l2, . . . , lt be distinct odd primes
relatively prime to q. For each 1 ≤ i ≤ t, let ri be a positive integer and let
ordli(q) = 2
aibi, where ai ≥ 0 is an integer and bi ≥ 1 is an odd integer.
(1) If there exists j ∈ {1, 2, . . . , t} such that aj = 0 or aj ≥ 2, then
T (
t∏
i=1
lrii , 1) = T (
j−1∏
i=1
lrii
t∏
i=j+1
lrii , 1).
(2) If a1 = a2 = · · · = at = 1 and n =
∏t
i=1 l
ri
i , then the number of SCR irreducible
factors of xn − 1 over Fq2 is
M2 =
∑
d|n
φ(d)
ordd(q2)
.
(3) If ai 6= 1 for all i ∈ {1, 2, . . . , t} and n =
∏t
i=1 l
ri
i , then the only SCR irreducible
factors of xn − 1 over Fq2 is x− 1.
We give two examples to illustrate Theorem 3.3.
Example 3.5. Let q = 16 and n = 27. Then the number of irreducible factors and
the number of self-reciprocal irreducible factors of xn − λ over Fq are given in Table
3. These results are confirmed by Magma.
Table 3. Example 3.5
Order of λ {rdn1 : d | n2} M1 M2
1 {1, 3, 9, 27} 7 1
3 {81} 1 0
5 {5, 15, 45, 135} 7 0
15 {405} 1 0
Example 3.6. Let q = 25 and n = 36. Then the number of irreducible factors and
the number of self-reciprocal irreducible factors of xn − λ over Fq are given in Table
4. These results are confirmed by Magma.
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Table 4. Example 3.6
Order of λ {rdn1 : d | n2} M1 M2
1 {1, 2, 3, 4, 6, 9, 12, 18, 36} 20 2
2 {8, 24, 72} 20 0
3 {27, 54, 108} 4 0
4 {16, 48, 144} 10 0
6 {216} 4 0
8 {32, 96, 288} 6 0
12 {432} 2 0
24 {864} 1 0
3.3. Hermitian LCD and self-dual constacyclic codes.
For two vectors x = (x0, x1, . . . , xn−1) and y = (y0, y1, . . . , yn−1) ∈ F
n
q2
, the Hermit-
ian inner product is defined as 〈x, y〉H =
∑n−1
i=0 xiy
q
i . For a λ-constacyclic code C of
length n over Fq2, the Hermitian dual code of C is defined as
C⊥H = {u ∈ Fnq2 |〈u, v〉H = 0 for all v ∈ C}.
The code C is called Hermitian LCD if C ∩C⊥H = {0} and Hermitian self-dual if C =
C⊥H . If C = 〈g(x)〉 is a λ-constacyclic code of length n over Fq2 , then the generator
polynomial of C⊥H is h†(x), where h†(x) is the conjugate-reciprocal polynomial of
h(x) = x
n−λ
g(x)
.
We have the following result analogous to Lemma 2.8,
Lemma 3.7. Let Fq2 be a finite field and λ ∈ F
∗
q2
. Let n be a positive integer and
gcd(n, q) = 1. Suppose that C is a λ-constacyclic code and xn − λ has the following
irreducible factorization over Fq2:
xn − λ = e1(x) · · · eu(x)f1(x)(f
†
1(x)) · · · fv(x)(f
†
v (x)),
where u, v are nonnegative integers, ei(x), 1 ≤ i ≤ u, are SCR, and f
∗
j (x) are the
conjugate-reciprocal polynomial of fj(x), 1 ≤ j ≤ v. Then
(1) C = 〈g(x)〉 is a Hermitian LCD code if and only if g(x) is SCR i.e., g(x) has
the following form:
g(x) = eα11 (x) · · · e
αu
u (x)f1(x)
β1f †1(x)
β1
· · · fv(x)
βvf †v (x)
βv
,
where αi, βj ∈ {0, 1}, 1 ≤ i ≤ u, 1 ≤ j ≤ v.
(2) C = 〈g(x)〉 is Hermitian self-dual if and only if u = 0 and g(x) has the following
form:
f1(x)
β1f †1(x)
1−β1
· · · fv(x)
βvf †v (x)
1−βv
,
where βj ∈ {0, 1}, 1 ≤ j ≤ v.
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For the case of Hermitian LCD constacyclic codes, it was shown that any λ-
constacyclic code over Fq2 with λ
1+q 6= 1 is an LCD code in [30, Corollary 3.3].
For any λ ∈ F∗
q2
, xn − λ is SCR if and only if λq+1 = 1.
By Theorem 3.3 and Lemma 3.7 (1), we have the following theorem.
Theorem 3.8 (Hermitian LCD constacyclic codes). Let Fq2 be a finite field. Let n
be a positive integer and gcd(n, q) = 1.
(1) If λq+1 6= 1, then any λ-constacyclic code is a Hermitian LCD code.
(2) If λq+1 = 1, then there are 2
n+M2
2 Hermitian LCD λ-constacyclic codes, where
M2 is given in Eq. (3.1).
Theorem 3.9 (Hermitian self-dual constacyclic codes). Let Fq2 be a finite field of
odd order q2. Let λ a nonzero element of order r = 2v2(r)r′ in Fq2 and r | (q+1). Let
n = 2v2(n)n′ = n1n2 be a positive integer, v2(n) > 0, gcd(n, q) = 1, rad(n1) | rad(r),
and gcd(n2, r) = 1. Then Hermitian self-dual λ-constacyclic codes of length n over
Fq2 exist if and only if v2(r) > 0 and q 6≡ −1 (mod 2
v2(n)+v2(r)).
Proof. By Lemma 3.7 (2) and Theorem 3.2, Hermitian self-dual λ-constacyclic codes
of length n over Fq2 exist if and only if for any d | n2, q
w 6≡ −1 (mod rdn1) for every
odd integer w.
If v2(r) = 0, i.e., r is odd, then n1 is odd and rad(rn1) | (q+1). By Lemma 2.2, there
exists a positive integer w such that qw ≡ −1 (mod rn1), which is a contradiction.
Therefore we have v2(r) > 0.
If r is even, then v2(rdn1) = v2(n1) + v2(r) = v2(n) + v2(r) for each d | n2. Then
qw 6≡ −1 (mod rdn1) implies that q 6≡ −1 (mod 2
v2(n)+v2(r)).
On the other hand, if r is even and q 6≡ −1 (mod 2v2(n)+v2(r)), then there are no
irreducible SCR polynomial of order rdn1, d | n2 over Fq2 as 2
v2(n)+v2(r) | rdn1. By
Lemma 3.7, there exist Hermitian self-dual λ-constacyclic codes of length n over Fq2 .
This completes the proof. 
Remark 3.10. Theorem 3.9 has been proved in [34, Theorem 3.9].
4. Concluding remarks
In this paper, we presented some general characterizations on self-reciprocal (SR)
and self-conjugate-reciprocal (SCR) irreducible polynomials over finite fields. By
using these characterizations, we obtained some enumeration formulas of SR and
SCR irreducible factors of xn−λ over finite fields; counted the numbers of Euclidean
and Hermitian LCD constacyclic codes; proved some well-known results on Euclidean
and Hermitian self-dual constacyclic codes by a simple and direct way.
Recently, many scholars investigated Galois constacyclic codes over finite fields, see
[3, 15, 25, 26, 27, 29, 30]. Motivated by their work, we introduce the definition of σ-
self-reciprocal polynomials over finite fields. Let Fq be a finite field of order q and
σ be an automorphism over some subfield of Fq. Then the σ-reciprocal polynomial
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of f(x) ∈ Fq[x] is defined by σ(f
∗(x)). Moreover, f(x) is called σ-self-reciprocal
polynomial if f(x) = σ(f ∗(x)). It may be interesting to investigate some properties
and applications of these σ-self-reciprocal polynomials.
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